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Abstract
A theoretical description of IR spectroscopy data for a hydrogen bond (HB) is
constructed on the base of trigonometric double-well potential for which an exact
analytic solution of the one-dimensional Schro¨dinger equation (SE) is available.
The wave functions (full orthogonal basis) are expressed via the spheroidal function
while its spectrum of eigenvalues yields the corresponding energy levels (both special
functions are implemented in Mathematica). Then an approximate solution of two-
dimensional SE taking into account the excitation state of heavy atoms stretching
mode in HB is obtained. It is constructed by decomposing over the above mentioned
basis within the framework of standard adiabatic separating the proton motion from
that of the heavy atoms. We exemplify the general theory by calculating the IR
relative absorption intensities for HB in the Zundel ion H5O
+
2 (oxonium hydrate).
Key words: double-well potential, spheroidal function, Zundel ion.
1 Introduction
The nature and origin of hydrogen bonds (HBs) remain to be a subject of
intensive researches (see, e.g., recent reviews [1], [2], [3] and refs. therein).
In a commonly used approach the proton position in HB is modeled by the
Schro¨dinger equation (SE) with a double-well potential (DWP) [4], [5], [6],
[7], [8], [9], [10], [11], [12], [13], [14], [15], [16]. In particular it is applied to the
investigation of IR-absorption by HB [7], [8], [9], [17], [18]. The problem can
be regarded in a wider perspective of SE for a quantum particle in DWP as
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an omnipresent model in physics and chemistry [19], [20], [21], [22], [23], [24],
[25], [27], [28], [29], [30], [31], [32], [33]. Up to recent time researchers dealing
with practical problems involving one-dimensional DWPs had to resort to
numerical solution of the corresponding SE at their theoretical interpreting
experimental data. The reason was in the lack of a convenient DWP for which
SE would have an analytic solution (see [19] and refs. therein). The used DWPs
for HB were usually composed of polynomials, exponentials (e.g., the double
Morse potential) or their combinations. For all such DWPs the corresponding
SE was treated by quasi-classical (WKB) approximation or numerically with
ensuing inconvenience in usage and scanning the parameter space of the model.
Besides WKB was shown to yield very inaccurate results in the case of low-
barrier DWP (taking place for low-barrier HBs) for which the ground state
doublet is close to the barrier top [27]. A notable exception is the double
Morse potential belonging to a quasi-exactly solvable type for which exact
expressions are derived via the functional Bethe ansatz for a limited number
of energy levels [36]. Unfortunately these expressions are very difficult for
usage. However the situation in the theory changed drastically during last
years with the appearance of a number of DWPs for which analytic solutions
were obtained via the confluent Heun’s function (CHF) [20], [21], [22],[23],
[15], [25], [28], [29], [30], [31], [32], [33], [34], [35] and the spheroidal function
(SF) [25], [27].
Trigonometric DWP [15] for which an analytic solution of SE via SF is avail-
able [25], [27] is beneficially distinguished in the regard of convenience for
usage. The history of this potential can be traced back to the monograph on
SF [37] where eq. (1.9) along with its explicit solution is presented. This eq.
is actually SE with trigonometric DWP although this fact was not recognized
and no physical consequences or applications of this form of SE were discussed
in [37]. Much later mathematical aspects of SE with various trigonometric po-
tentials were considered in [38]. As well no special attention to trigonometric
DWP or its physical implications was paid. However trigonometric DWP is
extremely convenient for applications because SF is a well described special
function [37] implemented in the mathematical software packageMathematica
along with its spectrum of eigenvalues. As a result the calculation of the en-
ergy levels becomes an automatic (at a click) procedure. Earlier trigonometric
DWP was applied to an asymmetric hydrogen bond in KHCO3 [15], inversion
of an ammonia molecule NH3 [25], [26], ring-puckering vibration in 1,3-dioxole
and 2,3-dihydrofuran [27] and calculations of the polarizability of HB in chro-
mous acid (CrOOH) and potassium dihydrogen phosphate (KH2PO4) [16].
The aim of the present article is to show that the above solution enables one
to calculate conveniently the IR absorption intensities of HB. In particular
we show that trigonometric DWP is suitable for the treatment of available
literature data on HB in the Zundel ion H5O
+
2 (oxonium hydrate). The Zun-
del ion (in which the proton is equally shared between two water molecules
H2O · · · H · · ·OH2) seems to be an excellent object to exemplify the general
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theory because on the one hand it has been investigated by IR spectroscopy
[5], [6], [7], [13], [39], [40], [41] in conjunction with quantum chemical ab initio
calculations [42], [43]. Also there are results of the density-functional theory
[44] that however yield different values for the parameters of DWP compared
to those of [43]. On the other hand for the Zundel ion the distance between
the oxygen atoms is not a fixed and predetermined value but can be varied in
a wide range. The choice of the object enables the capabilities of our approach
to come into full light.
The paper is organized as follows. In preliminary Sec.2 we briefly summarize
the results of [27] to introduce the designations and make the present article
a self-contained one. In Sec. 3 the solution of two-dimensional Schro¨dinger
equation is presented and the eigenvalues are found. In Sec. 4 IR absorption
intensities are considered. In Sec. 5 the results are discussed and the conclu-
sions are summarized.
2 Solution of one-dimensional Schro¨dinger equation with trigono-
metric DWP
In dimensional units the one-dimensional SE for a quantum particle with the
reduced mass M has the form
d2ψ (X)
dX2
+
2M
~2
[E − V (X)]ψ (X) = 0 (1)
where −L ≤ X ≤ L and V (X) is a DWP. The latter is assumed to be infinite
at the boundaries of the finite interval for the spatial variable X = ±L. The
dimensionless values for the distance x, the potential U(x) and the energy ǫ
are introduced as follows
x =
πX
2L
U(x) =
8ML2
~2π2
V (X) ǫ =
8ML2E
~2π2
(2)
where −π/2 ≤ x ≤ π/2. As a result we obtain dimensionless SE
ψ′′xx(x) + [ǫ− U(x)]ψ(x) = 0 (3)
In the symmetric case the trigonometric DWP has the form [27]
U(x) =
(
m2 − 1
4
)
tan2 x− p2 sin2 x (4)
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Here m is an integer number and p is a real number. The examples of trigono-
metric DWP are given in Fig.1, Fig.2 and Fig.3. The solution of (3) with
DWP (4) is [27]
ψq(x) = cos
1/2 x S¯m(q+m) (p; sin x) (5)
Here q = 0, 1, 2, ... and S¯m(q+m) (p; s) is the normalized angular prolate SF. The
latter is related to SpheroidalPS[(q+m),m, ip, s] implemented inMathematica
as
S¯m(q+m) (p; s) = SpheroidalPS[(q + m),m, ip, s]×


1∫
−1
ds
(
SpheroidalPS[(q + m),m, ip, s]
)2

−1/2
(6)
The energy levels are determined by the relationship
ǫq = λm(q+m) (p) +
1
2
−m2 − p2 (7)
Here λm(q+m) (p) is the spectrum of eigenvalues for S¯m(q+m) (p; s). It is imple-
mented inMathematica as λm(q+m) (p) ≡ SpheroidalEigenvalue[(q+m),m, ip].
3 Solution of two-dimensional Schro¨dinger equation
At IR-absorption transitions in HB the excitation state of heavy atoms vi-
bration (O-O stretching mode in the case of the Zundel ion) can be changed.
For this reason one has to use a two-dimensional SE where the vibrational
mode with the low frequency Ω ∼ 102 cm−1 in a harmonic potential for the
coordinate Z of heavy atoms in HB is explicitly taken into account [7], [8], [9].
Following these articles and also [39], [40] we construct a model Hamiltonial
for the fragment A1H · · · A2 treating other degrees of freedom as a thermal
bath. Following [46], [47] we add to trigonometric DWP V (X) the interaction
of the proton motion with the vibrational mode of the heavy atoms
{
~
2
2
[
1
µ
d2
dZ2
+
1
M
d2
dX2
]
+ E − V (X)− µΩ
2
2
Z2−
λF (X,Z)
}
Φ (X,Z) = 0 (8)
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Here λ is a coupling constant, F (X,Z) is an arbitrary function that can de-
scribe, e.g., a symmetric mode coupling (F (X,Z) = ZX2), an anti-symmetric
mode coupling (F (X,Z) = ZX) or a squeezed coupling (F (X,Z) = Z2X2)
[46], [47] and µ is the reduced mass of the heavy atoms in HB
µ =
M1M2
M1 +M2
(9)
Here Mi (i = 1, 2) is the mass of the fragment Ai that depending upon a
chosen model can be conceived as a single atom or a group of atoms. E.g.,
for HB in the Zundel ion it can be chosen as the mass of the oxygen or that
of the water molecule. In accordance with the above choice of the system
under consideration O · · · H · · ·O we conceive Ai as single oxygen atoms, i.e.,
set further µ = MO/2. This choice coincides with that of [8]. We introduce
dimensionless values as in (2)
z =
πZ
2L
; Λ =
8ML2E
~2π2
; ω =
4
√
2MµL2Ω
~π2
(10)
α =
8λML2
~2π2
; f (x, z) = F (X(x), Z(z)) ; δ =
M
µ
(11)
and further explicitly take into account that both the wave function Φk(x, z)
and the energy Λkq in this case explicitly depend on the quantum number k
quantizing the excitation states of the heavy atoms vibration in HB. We obtain
the dimensionless form of the two-dimensional SE
{
δ
d2
dz2
+
d2
dx2
+ Λkq − U(x)−
ω2z2
2
− αf (x, z)
}
Φk(x, z) = 0 (12)
where U(x) is given by (4). Following a standard approach (see, e.g., [45])
we seek the solution of (12) by decomposing Φk(x, z) over the wave functions
ψq(x) given by (5). This procedure actually means that we work within the
framework of adiabatic separating the proton motion from that of heavy atoms
in HB [8], [12], [13], [46], [47]. Although we do not explicitly make use of the
small parameter δ (δ = 1/8 in the case of the Zundel ion) but by the above
mentioned decomposing we retain the essence of the adiabatic approximation,
i.e., first solve SE for the proton (find ψq(x)) supposing the heavy atoms to
be fixed ones and then solve SE for the heavy atoms in an effective potential
determined among others by the proton wave function. Thus we set
Φk(x, z) =
∞∑
q=0
ϕqk(z)ψq(x) (13)
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For the coefficients ϕqk(z) we obtain a closed and self-consistent system of
differential equations[
δ
d2
dz2
− ǫq + Λkq −
ω2z2
2
− αaqq(z)
]
ϕqk(z) = α
∞∑
l=0,l 6=q
aql(z)ϕ
l
k(z) (14)
where ǫq is given by (7) and the coefficients aql are
aql(z) =
pi/2∫
−pi/2
dx ψq(x)f (x, z)ψl(x) (15)
We further distinguish the types of mode coupling by the subscript |{t} where
this sign means {s} for the symmetric case, {as} for the anti-symmetric one or
{sq} for the squeezed coupling if it is not indicated explicitly. In our opinion
for all of them it is reasonable to go beyond the linear approximation as
it will be done for the dipole moment (see discussion before (26)), i.e., to
make the replacing x −→ sin x at −π/2 ≤ x ≤ π/2. Thus we further take
f (x, z) |{s} ∝ sin2 x, f (x, z) |{as} ∝ sin x and f (x, z) |{sq} ∝ sin2 x. We obtain
αa{s}qq (z) = c
{s}
q z; c
{s}
q =
26λ{s}ML5
~2π5
1∫
−1
dη η2
[
S¯m(q+m) (p; η)
]2
(16)
αa{as}qq (z) = c
{as}
q z; c
{as}
q =
25λ{as}ML4
~2π4
1∫
−1
dη η
[
S¯m(q+m) (p; η)
]2
= 0 (17)
αa{sq}qq (z) = c
{sq}
q z
2; c{sq}q =
27λ{sq}ML6
~2π6
1∫
−1
dη η2
[
S¯m(q+m) (p; η)
]2
(18)
The main problem in this case is to solve the system (14) for the functions
ϕqk(z) and to find in particular the spectrum Λ
k
q . We conceive mixing ϕ
q
k(z) with
other ϕlk(z) (l 6= q) terms (the right-hand sides in (14)) as a small perturbation
and in the zero-order approximation neglect it. It will be argued below that
in practical cases this approximation is very accurate. Thus for all types of
coupling we have some sort of a modified harmonic oscillator equation. We
obtain for the symmetric and anti-symmetric mode couplings
ϕqk(z)|{t} ≈ exp

− ω
2
√
2δ
(
z +
c{t}q
ω2
)2 k!(−2)k
(2k)!
×
H2k
((
2
δ
)1/4√
ω
(
z +
c{t}q
ω2
))
(19)
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Λkq |{t} ≈ ǫq −
(
c{t}q
)2
2ω2
+ (4k + 1)ω
√
δ
2
(20)
where k = 0, 1, 2, ... . For the squeezed coupling we obtain
ϕqk(z)|{sq} ≈ exp

−1
2
z2
√√√√ω2 + 2c{sq}q
2δ

 k!(−2)k
(2k)!
×
H2k

√2z
(
ω2 + 2c{sq}q
2δ
)1/4 (21)
Λkq |{sq} ≈ ǫq + (4k + 1)
√√√√δ (ω2 + 2c{sq}q )
2
(22)
Further we conceive the functions ϕqk(z)|{t} as being normalized ones
ϕ¯qk(z)|{t} = ϕqk(z)|{t}


∞∫
−∞
dz
(
ϕqk(z)|{t}
)2

−1/2
(23)
4 Relative IR absorption intensities for hydrogen bond
Modern researches on HB in the Zundel ion deal with temperatures up to
T = 1 K [48]. To extend the theory into low temperature region the so-called
harmonic quantum correction factor [48] is introduced that actually replaces
the Boltzmann distribution function for the population of the energy levels by
the Bose-Einstein one. The relative absorption intensity Iji from the state j
with the energy Ej to the state i with the energy Ei [9] taking into account
the above correction factor is
Iji =
Ei − Ej
~
| µji |2 exp
(
− Ej
kBT
) [
1− exp
(
− Ej
kBT
)]−1
×
[
∞∑
n=0
exp
(
− En
kBT
) [
1− exp
(
− En
kBT
)]−1]−1
(24)
where ~ is the reduced Planck constant, kB is the Boltzmann constant, T is
the temperature and µji is the transition dipole matrix element
µji =
∫
dX Ψ∗j (X) µ(X) Ψi(X) (25)
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Here X denotes the quantum particle coordinate (e.g., that of the proton along
the O-O axis in O-H · · · O), µ(X) is the dipole moment and Ψi(X) is the wave
function of the i-th state. The dipole moment µ(X) is usually assumed to be
µ(X) = eX = e2Lx/π in the linear approximation where e is the quantum
particle charge. However the linear approximation for the dipole moment can
be valid within the interval of a sufficiently small x only. It is commonly
accepted that in reality the dipole moment deflects to slower growth than
the linear one (see, e.g., Fig. 10.54 in [49]). The necessity to go beyond the
framework of the linear approximation for HB in the Zundel ion was stressed
in [40]. We achieve this goal and model such deflection by replacing the linear
term by the trigonometric one x −→ sin x at −π/2 ≤ x ≤ π/2. Thus the
dipole moment from (25) with taking into account the above replacement is
µ(X) =
e2L
π
sin x (26)
If the heavy atoms stretching mode is taken into account then the transition
dipole matrix element is µknji . Thus the wave function Ψi(X) should explicitly
include the quantum numbers k and n of the heavy atoms excitation state
and also depend on their spatial variable [7], [8], [9], [40], i.e., Z = 2Lz/π in
our notation. In this case we identify the function Ψi(X = 2Lx/π) with the
product ϕ¯jk(z)|{t}ψj(x) so that the transition dipole matrix element (depending
on the assumed type of mode coupling |{t}) is
µknji |{t} ≈
e2L
π
∞∫
−∞
dz
pi/2∫
−pi/2
dx ϕ¯jk(z)|{t}ψj(x) sin x ϕ¯in(z)|{t}ψi(x) (27)
We denote the dimensionless inverse temperature β and the dimensionless
relative adsorption intensity Γknji (β)
β =
~
2π2
8ML2kBT
Γknji (β) =
2M
~e2
Iji (28)
The dimensionless relative absorption intensity is
Γknji (β) |{t} ≈

 ∞∫
−∞
dz ϕ¯jk(z)|{t}ϕ¯in(z)|{t}


2 
 ∞∑
q=0
∞∑
k=0
exp
(
−βΛkq |{t}
)
1− exp
(
−βΛkq |{t}
)


−1
×
exp
(
−βΛkq |{t}
) (
Λni |{t} − Λkj |{t}
)
1− exp
(
−βΛkq |{t}
)

 1∫
−1
dη η S¯m(j+m) (p; η) S¯m(i+m) (p; η)


2
(29)
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Fig. 1. The trigonometric double-well potential (4) at the values of the parameters
m = 57 and p = 89.8295. The parameters are chosen to describe the potential
and the energy levels for the hydrogen bond in the Zundel ion H5O
+
2 (oxonium
hydrate) for ROO = 3.387 A˚ (experimental data are taken from [43]). The bar-
rier height B = −U (xmin) = 1076.46 corresponds to 13850 cm−1 in dimensional
units. The splitting of the ground state ǫ1 − ǫ0 = 1.17507 · 10−9 corresponds to
1.51187 · 10−8 cm−1 in dimensional units.
5 Results and discussion
Fig.1 shows that trigonometric DWP fits the results of quantum chemical
calculations for HB in the Zundel ion with ROO = 3.387 A˚ from Fig.1 of
[43]. From there we obtain that for ROO = 3.387 A˚ (L = 3.387/2 A˚) the
dimensional distance between the minima of DWP is X
(1)
min − X(2)min ≈ 1.4 A˚.
The dimensional barrier height is V (Xmax)−V (Xmin) ≈ 13850 cm−1. Taking
into account that for a proton M = 1 amu we obtain with the help of (2)
the dimensionless values for the barrier height B = −U (xmin) ≈ 1076.46
and width D = x
(1)
min − x(2)min ≈ 1.2979. The transformation formulas for the
parameters of trigonometric DWP {m, p} into {B,D} are [16]
p =
√
B
1− [cos (D/2)]2 m
2 − 1
4
=
B [cos (D/2)]4{
1− [cos (D/2)]2
}2
We have p ≈ 89.8295 and m ≈ 57. Here it is pertinent to stress the following
methodical trick. The implementation of the eigenvalue for SF
SpheroidalEigenvalue[(q+m),m, ip] inMathematica becomes extremely capri-
cious at high values of the parameters m and p. One has to take at m = 57 the
value p = 89.8295000000000000 instead of p = 89.8295 for the software pack-
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Fig. 2. The trigonometric double-well potential (4) at the values of the parameters
m = 65 and p = 77.83. The parameters are chosen to describe the potential and
the energy levels for the hydrogen bond in the Zundel ion H5O
+
2 (oxonium hydrate)
for ROO = 2.786 A˚ (experimental data are taken from [43]). The barrier height
B = −U (xmin) = 163.02 corresponds to 3100 cm−1 in dimensional units. The
splitting of the ground state ǫ1−ǫ0 = 0.63 corresponds to 11.98 cm−1 in dimensional
units.
age to yield the ground state doublet. The calculation results in 6 doublets
below the barrier top.
In Fig.2 trigonometric DWP fits the results of quantum chemical calculations
for HB in the Zundel ion with ROO = 2.786 A˚ (L = 2.786/2 A˚) presented in
Fig.1 of [43]. From there we obtain that the dimensional distance between the
minima of DWP is X
(1)
min − X(2)min ≈ 0.74 A˚. The dimensional barrier height
is V (Xmax) − V (Xmin) ≈ 3100 cm−1. From these values we obtain the di-
mensionless values for the barrier height B = −U (xmin) ≈ 163.02 and width
D = x
(1)
min − x(2)min ≈ 0.83. From here we have p ≈ 77.83 and m ≈ 65. The
calculation yields the ground state doublet well below the barrier top and a
doublet in its vicinity.
In Fig.3 a low-barrier case is presented that fits the results of quantum chemi-
cal calculations for HB in the Zundel ion with ROO = 2.536 A˚ (L = 2.536/2 A˚)
from Fig.1 of [43]. From there we obtain that the dimensional distance between
the minima of DWP is X
(1)
min −X(2)min ≈ 0.4 A˚. The dimensional barrier height
is V (Xmax) − V (Xmin) ≈ 400 cm−1. From these values we obtain the di-
mensionless values for the barrier height B = −U (xmin) ≈ 15.7 and width
D = x
(1)
min − x(2)min ≈ 0.5. From here we have p ≈ 65.92 and m ≈ 62.
Unfortunately for the cases ROO = 3.387 A˚ and ROO = 2.786 A˚ treated
quantum chemically in [43] there are no corresponding data on the relative
absorption intensities. In contrast the case ROO = 2.536 A˚ considered in [43]
can be compared with the case ROO = 2.5 A˚ for which the pertinent data are
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Fig. 3. The trigonometric double-well potential (4) at the values of the parameters
m = 62 and p = 65.92. The parameters are chosen to describe the potential and
the energy levels for the hydrogen bond in the Zundel ion H5O
+
2 (oxonium hydrate)
for ROO = 2.536 A˚ (experimental data are taken from [43]). The barrier height
B = −U (xmin) = 15.3 corresponds to 400 cm−1 in dimensional units.
calculated in [8]. To do it we normalize the data presented in Table 2 of [8] by
the value of the relative absorption intensity for the transition I00→10 at T=200
K for ROO = 2.5 A˚ while normalize our data by the value Γ
00
01(β = 0.069) at
β = 0.069 (T=200 K). We choose the value of the frequency of O-O stretching
mode ω = 1.4 corresponding to Ω ≈ 100 cm−1. We adopt the case of the
symmetric mode coupling as in [8] and carry out calculations in the zero-order
approximation. It appears to be very accurate because for l 6= q
αa
{s}
ql (z)
αa
{s}
qq (z)
=
1
c
{s}
q
26λ{s}ML5
~2π5
1∫
−1
dη η2 S¯m(q+m) (p; η) S¯m(l+m) (p; η) ∼ 10−19
Thus the terms in the right-hand side of (14) can be safely discarded.
Fig.4 for HB in the Zundel ion with ROO = 2.536 A˚ shows that the output
information of quantum chemical calculations (values of the barrier height
and width for potential energy surface) can be conveniently related to IR-
spectroscopy data with the help of our approach. The temperature dependence
of the relative absorption intensity Γ0001 (β) with no change in the excitation
state of the heavy atoms vibration in HB is compared with analogous data
from [8] for the case ROO = 2.5 A˚. In the notations of [8] it is 00 → 10
where the first number corresponds to state of the proton and the second
one corresponds to that of the heavy atoms. We obtain Γ0002 (β) = 0 (because
of the parity of ψ0(x) and ψ2(x) at the calculation of the transition dipole
matrix element (27)) that agrees with data from [8]. Also in Fig.4 analogous
results for some transitions with the change of the heavy atoms vibrational
quantum number are presented. As a whole our results are in agreement with
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Fig. 4. Temperature dependence of normalized relative absorption intensities (29)
at the values of the parameters m = 62 and p = 65.92 in the case of the symmetric
mode coupling (16). The parameters are chosen to describe the potential and the
energy levels for the hydrogen bond in the Zundel ion H5O
+
2 (oxonium hydrate)
for ROO = 2.536 A˚ (experimental data are taken from [43]). The frequency of
O-O stretching mode is ω = 1.4 corresponding to Ω ≈ 100 cm−1 and the coupling
constant is c
{s}
0 = 0.6 (λ
{s} ≈ 0.16 au). Also the data for T = 400K (β = 0.0345),
T = 300K (β = 0.046) and T = 200K (β = 0.069) taken from [8] for ROO = 2.5 A˚
are presented.
the corresponding data from [8].
We conclude that the suggested approach enables one to relate in an ana-
lytic form the barrier height and width obtained from quantum chemical ab
initio calculations of the potential energy surface for a hydrogen bond with
IR transition frequencies and relative absorption intensities. Our theory on
the base of the trigonometric double-well potential does not require numeri-
cal solution of the corresponding Schro¨dinger equation or making use of the
quasi-classical approximation. Thus it seems to be a useful tool for analyzing
IR spectroscopy data that provides considerable simplification of the calcula-
tions compared with previously used methods. The validity of our approach
is proved by its ability to reproduce available literature data for the hydrogen
bond in the Zundel ion.
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